We consider a generic cosmological model which allows for non-gravitational direct couplings between dark matter and dark energy. The distinguishing cosmological features of these couplings can be probed by current cosmological observations, thus enabling us to place constraints on this generic interaction which is composed of the conformal and disformal coupling functions. We perform a global analysis in order to independently constrain the conformal, disformal, and mixed interactions between dark matter and dark energy by combining current data from: Planck observations of the cosmic microwave background radiation anisotropies, a combination of measurements of baryon acoustic oscillations, a supernovae Type Ia sample, a compilation of Hubble parameter measurements estimated from the cosmic chronometers approach, direct measurements of the expansion rate of the Universe today, and a compilation of growth of structure measurements. We find that in these coupled dark energy models, the influence of the local value of the Hubble constant does not significantly alter the inferred constraints when we consider joint analyses that include all cosmological probes. Moreover, the parameter constraints are remarkably improved with the inclusion of the growth of structure data set measurements. We find no compelling evidence for an interaction within the dark sector of the Universe.
I. INTRODUCTION
The rapid progression of precision cosmology has undoubtedly lead to a wide spectrum of cosmological probes that are able to survey different epochs of the cosmic history of our Universe. Intriguingly, the simplest cosmological framework of the concordance ΛCDM cosmology has always been found to be in an excellent agreement with these cosmological observations, and its parameters have now been determined to an impressive accuracy [1] . Thus, given that this model has survived this avalanche of high precision data, robust constraints on new physics beyond the ΛCDM model are always getting tighter [2] [3] [4] [5] [6] [7] [8] . Nevertheless, there have been indications in the data that are not well described by the ΛCDM model. For instance, a discrepancy between the P lanck cosmic microwave background (CMB) radiation inferred constraint on the linear theory rms fluctuation in total matter in 8 h −1 Mpc spheres and the more direct measurements of the large scale structure [9] [10] [11] [12] , together with a tension between the relatively high local value of the Hubble constant [13] and that derived from the CMB data, have been reported. These anomalies could potentially be an indication of new phenomena which the ΛCDM model does not take into account [14] [15] [16] [17] , or could be caused by systematics in astrophysical data [18] [19] [20] .
From a theoretical perspective, despite the simplicity of the interpretation of dark energy as a cosmological constant, the concordance ΛCDM model suffers from the well-known theoretical issues of the fine-tuning and coincidence problems [21, 22] . In light of our incomplete understanding of the cosmic evolution of our Universe, the consideration of alternative models of dark energy is a rational step towards a more comprehensive view of our Universe. Consequently, a plethora of alternative dynamical dark energy models have been proposed and well investigated (see for instance Refs. [23, 24] ). Since the dark sector of the Universe, composed of dark matter and dark energy, has only been indirectly observed with cosmological observations, interactions between dark matter particles beyond the gravitational force and mediated by dark energy cannot be excluded a priori [25] [26] [27] [28] [29] [30] [31] .
Here we focus on a generic coupled dark energy model [32, 33] , in which dark matter and dark energy are interacting with one another, whereas the standard model particles follow their standard cosmological evolution (for other coupled models see Refs. [34] [35] [36] [37] [38] and references therein). Thus, this model evades the tight constraints inferred from the equivalence principle and solar system tests [39, 40] . To be concrete, we assume two coupling functions in our work, these being the conformal and disformal couplings, which we will formally define in section II. In these coupled dark energy scenarios, the additional fifth-force within the dark sector of the Universe modifies the background evolution, as well as the evolution of cosmological perturbations. Coupled dark energy models with a conformal coupling function have been exhaustively explored and tight constraints have been placed on the model parameters [2, [41] [42] [43] [44] [45] [46] [47] [48] . On the other hand, coupled dark energy models with a disformal coupling between dark matter and dark energy have been recently confronted with background cosmological data sets in Ref. [49] . Similar cosmological models which make use of a disformal coupling have been discussed in Refs. [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . We here re-examine and update the constraints in these coupled dark energy scenarios.
The organization of this paper is as follows. In section II we introduce the generic coupled dark energy model, and in section III we summarize the observational data sets together with the method that will be employed to infer the cosmological parameter constraints. We then present the derived constraints in each coupling scenario considered in our analyses in section IV. We draw our final remarks and prospective lines of research in section V.
II. INTERACTING DARK ENERGY MODEL
In this section we briefly review the basic equations for our generic coupled dark energy (DE) model, which has been thoroughly studied in Refs. [32, 33] . The Einstein frame scalar-tensor theory action of our model reads
in which the gravitational sector has the standard Einstein-Hilbert form, and define M
−2
Pl ≡ 8πG such that M Pl = 2.4 × 10 18 GeV is the reduced Planck mass. DE is described by a canonical quintessence scalar field φ, with a potential V (φ). The uncoupled standard model (SM) particles are described by the Lagrangian L SM , which includes a relativistic sector (r), and a baryon sector (b). Particle quanta of the dark matter (DM) fields ψ, follow the geodesics defined by the metric
with C(φ), D(φ) being the conformal and disformal coupling functions, respectively. As a consequence of the interaction between DM and DE, the conservation of the energy-momentum tensors of the scalar field and DM become
where V ,φ ≡ dV /dφ, and T
DM µν
is the perfect fluid energymomentum tensor of pressureless DM. The generic coupling function is given by
with T DM being the trace of T µν DM . In our model, SM particles are not interacting directly with the quintessence scalar field, thus their perfect fluid energy-momentum tensor satisfies ∇ µ T SM µν = 0. Throughout this paper, we assume a flat Universe described by the Friedmann-Robertson-Walker (FRW) line element ds 2 = g µν dx µ dx ν = a 2 (τ ) −dτ 2 + δ ij dx i dx j , where a(τ ) is the cosmological scale factor with conformal time τ . In this setting, the scalar field evolves according to a modified Klein-Gordon equation
where a prime denotes a conformal time derivative, and define the conformal Hubble parameter by H = a /a. The DM energy density ρ c , does not follow the standard redshift evolution of a −3 , but is found to satisfy an energy exchange equation
In FRW, the generic coupling function simplifies to [32, 33, 51 ]
Moreover, the radiation and baryonic energy densities satisfy the standard energy conservation equations
respectively. The Friedmann equations take their usual form
where
Pl , and the scalar field's energy density and pressure have the usual forms of
To be concrete, throughout this paper we choose an exponential functional form for the couplings and scalar field potential
where α, D M , β, V 0 , and λ are constants.
This direct interaction between DM and DE modifies both the background dynamics, as well as the evolution of perturbations [32, 33, [61] [62] [63] [64] [65] [66] . For instance, these dark sector couplings modify the cosmological distances, such as the distance to the last-scattering surface, thus have a direct impact on the CMB temperature power spectrum. In addition, this interaction within the dark sector shifts the epoch of matter-radiation equality, which in turn affects the theoretical matter power spectrum.
In the rest of the paper, we will consider three main cases of the generic interacting DE model presented above, which we shall refer to as the conformal, disformal, and mixed models. For the sake of clarity, each of these cases is dealt with separately. Henceforth, in the conformal model we only consider the conformal coupling, for the disformal model we set the conformal coupling to unity and study only the disformal coupling, whereas in the mixed model we simultaneously consider the conformal and disformal couplings. The conformal coupling model has been widely studied and tight constraints were obtained from several cosmological probes [2, [41] [42] [43] [44] [45] [46] [47] [48] preliminary parameter constraint analysis on the couplings given in Eq. (12) was presented in Ref. [49] , which we now extend.
III. COSMOLOGICAL DATA SETS & METHOD
In the following we discuss the observational data sets that we will use in our analyses. We will be confronting the coupled DE models with probes that survey the latetime Universe, together with early-time Universe probes.
Cosmic Microwave Background In all data set combinations we make use of the low multipole (2 ≤ ≤ 29) publicly available Planck 2015 data, which also includes the power spectra of the CMB temperature and polarization fluctuations [67] , as well as the lensing power spectrum [68] . For the high multipole (l ≥ 30) range, we asses the impact of the polarization data by making use of the TT and TTTEEE likelihoods, which we denote by TT and TTEE, respectively. Occasionally we further use the Planck lensing likelihood in the multipole range 40 ≤ ≤ 400, and we refer to this data set as lensing.
Background Data In addition, we make use of two background data set combinations which enable us to break parameter degeneracies from CMB measurements. These combinations include baryon acoustic oscillations (BAO) measurements, a supernovae Type Ia (SNIa) sample, a cosmic chronometers data set, and local measurements of the Hubble constant:
Baryon Acoustic Oscillations We consider BAO data from the SDSS Main Galaxy Sample at z eff = 0.15 [69] , the six degree Field Galaxy Survey at z eff = 0.106 [70] , and the Baryon Oscillation Spectroscopic Survey LOWZ and CMASS samples at z eff = 0.32 and z eff = 0.57 [71] , respectively.
Supernovae We make use of the SDSS-II/ SNLS3 Joint Light-curve Analysis data compilation [72] of SNIa measurements.
Cosmic Chronometers
We use the compiled measurements [73] [74] [75] [76] [77] [78] of the Hubble parameter H(z) = a −1 H(z), from the cosmic chronometers approach listed in Ref. [78] , which span the redshift range 0 < z < 2.
Local Hubble Constant In order to asses the impact of a local measurement of the Hubble constant on our coupling parameter constraints, we use the measurements as reported by Riess et al. (hereafter denoted by H R 0 ) [13] and Efstathiou (hereafter denoted by H E 0 ) [79] . The choice of these measurements is motivated by the recent claims of some tension [18, 19, 80] within the concordance cosmological model between the CMB inferred constraint on H 0 and the local measurement H R 0 , whereas the measurement H E 0 is found to be in very good agreement with early-Universe probes.
In the rest of the paper, we denote the background data set combinations BAO+SNIa+H(z)+H Cluster Abundance We use cluster abundance measurements [9, 10, [81] [82] [83] [84] [85] [86] as a probe of the large scale structure. This data set consists of eight measurements [87] in the form of σ 8 (Ω m /α)β, where σ 8 ≡ σ 8 (z = 0) denotes the linear theory rms fluctuation in total matter in 8 h −1 Mpc spheres, Ω m denotes the current total fractional abundance of matter, and the parametersα andβ are determined from each reported measurement. We split this data set into two measurements [9, 10] which were found to be in tension with the concordance model (hereafter denoted by Cluster Abundance (CA)), and another subset containing the remaining six measurements [81] [82] [83] [84] [85] [86] (hereafter denoted by Alternative Cluster Abundance (ACA)). Although in the analyses that follow we do not report the cosmological parameter constraints obtained from a joint analysis of the CA and ACA data sets, we have checked that in our coupled DE models, the derived constraints from a joint analysis are in an excellent agreement with the results from the CA data set analysis. This is because the two measurements found in the CA data set have the smallest error-bars and thus they dominate in a joint analysis. Moreover, we should mention that these cluster abundance measurements should be taken with a pinch of salt, due to their dependence on the concordance model under which these measurements were inferred. However, our goal is to check if the individual data sets can be brought in good agreement with each other with the inclusion of the DE interactions. We employ a Bayesian approach to infer the parameter posterior distributions together with their confidence limits. This is implemented by the Markov Chain Monte Carlo (MCMC) technique via a customized version of Monte Python [88] which is interfaced with a modified version of the cosmological Boltzmann code CLASS [89] . Apart from the implementation of our generic coupled DE model equations, we also included a shooting algorithm in CLASS in order to find the scalar field potential energy scale V 0 . The equations governing the evolution of perturbations [32] in our generic coupled DE model were implemented in both the Newtonian and synchronous gauge, and verified that we get identical results in the two gauges. For all the models considered in sections IV A-IV C, we also made use of the MCMC analysis package GetDist [90] , and checked that the results are in an excellent agreement with those obtained from Monte Python. We consider flat priors for the generic cosmological parameters that are allowed to vary in our MCMC analyses. The full range of each flat prior is listed in Table I . The general baseline set of parameters consists of Θ =
Here, h is defined in terms of the Hubble constant via H 0 = 100 h km s −1 Mpc −1 , Ω b h 2 represents the effective fractional abundance of uncoupled baryons, Ω c h 2 is the pressureless coupled cold dark matter effective energy density, 100 θ s is the angular scale of the sound horizon at last scattering defined by the ratio of the sound horizon at decoupling to the angular diameter distance to the last scattering surface, τ reio is the reionization optical depth parameter, ln(10 10 A s ) is the log power of the scalar amplitude of the primordial power spectrum together with its scalar spectral index n s , λ is the slope of the scalar field exponential potential, α is the conformal coupling parameter, and D M is the energy scale of the disformal coupling together with the disformal exponent β. The pivot scale in our analyses was set to k 0 = 0.05 Mpc −1 , and we assume purely adiabatic scalar perturbations at very early times without the running of the scalar spectral index. Moreover, we fix the neutrino effective number to its standard value of N eff = 3.046 [91] , as well as the photon temperature today to T 0 = 2.7255 K [92] . As mentioned earlier, we assume spatial flatness.
In the top block of Tables II-VIII, we present the constraints on the parameters with flat priors that are varied in the MCMC analyses of the respective coupled DE model. In our analyses, we also consider marginalized constraints on various derived parameters which we present in the lower block of Tables II-VIII. The derived parameters include today's value of the Hubble parameter H 0 in km s −1 Mpc −1 , Ω m , σ 8 , the reionization redshift z reio , and the dimensionless age of the Universe H 0 t 0 , with t 0 being the current age of the Universe.
IV. RESULTS
In this section we discuss the inferred cosmological parameter constraints following the procedure described in section III. We first consider a coupled DE model with an exponential conformal coupling only, which we discuss in section IV A, and then we present the obtained constraints in the constant as well as in the exponential disformally coupled DE models in section IV B. Finally, in section IV C we discuss the derived constraints for the mixed coupled model which simultaneously makes use of both the exponential conformal and constant disformal couplings between the dark sector constituents. In the mixed model, we further consider a particular case in which we fix the constant disformal coupling parameter D M , in order to assess the impact on the conformal coupling parameter constraint.
In Fig. 1 show the inferred constraints from the constant disformally coupled model, since the 1σ limits do not change appreciably in the exponential disformally coupled case presented in Table VI . Similarly, for the mixed coupled model we do not show the constraints from the mixed model with fixed D M , considered in the last column of Table VIII. A generic feature of our coupled DE models is that when the cluster abundance data sets are included, τ reio We show the degeneracy of the conformal coupling parameter α with λ, Ωm, σ8, and H0.
and A s are shifted to lower values in comparison with their inferred mean values from the other data set combinations. This shift is predominantly observed when using the CA data set rather than the ACA measurements. The reason behind this is that the measurements contained in the CA data set prefer lower values of σ 8 in all coupled DE models with respect to the other data sets, including those in the ACA data set. Moreover, the major impacts of this shift in the range of σ 8 are found to be on τ reio and A s , which follow from the degeneracies between τ reio and σ 8 , and between A s and σ 8 . As a consequence of these degeneracies, a discrepancy between the 1σ limits of τ reio and A s arises between the data set combinations which make use of the CA measurements with the other data set combinations which do not include the cluster abundance measurements. This is clearly shown in Fig. 1 . Nonetheless, the inferred values of τ reio from all data set combinations, including those combinations which use the cluster abundance data sets, are still in agreement with constraints from other reionization probes [96] [97] [98] . Clearly, improved accuracy on the reionization optical depth parameter will be useful to break the degeneracies with other cosmological parameters [99, 100] . Furthermore, we should also mention that there is a partial inverse correlation between σ 8 and n s . Thus, the 1σ limits on n s shift to slightly larger val-ues for the data set combinations which include the CA measurements with respect to the other data sets.
In the upper panel of Fig. 2 , we show the inferred constraints on the dimensionless age of the Universe in the models presented in Fig. 1 , and in the lower panel we show the 1σ intervals from astrophysical objects. For the calculation of the dimensionless age of the Universe H astro t astro , we use the estimation of the astrophysical age of the Universe based on some of the best known oldest stars [93] [94] [95] , and assume the value of the astrophysical Hubble constant to coincide with H R 0 . We should emphasize that the H astro t astro constraints in Fig. 2 are solely used for comparative purposes and not in our cosmological parameter constraints analyses. The comparison of the constraints presented in the upper and lower panels of Fig. 2 can be interpreted as a convergence between the theory of General Relativity which governs the cosmological evolution of the Universe, and the laws of quantum mechanics which determine the nuclear reactions taking place in stars. Following our MCMC analyses, the present time coincidence of H 0 t 0 = 1, which has been recently dubbed as the synchronicity problem [101] , is not completely fulfilled in our coupled DE models as H 0 t 0 is not found to be exactly unity. Nonetheless, it still remains to be seen if this makes the synchronicity problem even worse [102] [103] [104] .
A. Conformal model constraints
In this section we discuss the inferred constraints in the exponential conformally coupled model, with the coupling parameter α as defined in Eq. (12) . In this model we neglect the disformal coupling by fixing D M to zero. In Tables II and III we tabulate the parameter constraints from several data set combinations. The marginalized two-dimensional likelihood constraints and the one-dimensional posterior distributions for the coupling parameter α of Table II are shown in Fig.  3 and Fig. 4 , respectively. Similarly, the marginalized two-dimensional likelihood constraints and the onedimensional posterior distributions for the coupling parameter α of Table III are shown in Fig. 5 and Fig. 6 , respectively. As clearly illustrated in Fig. 1 , marginally tighter constraints on the cosmological parameters are obtained with the TTEE CMB likelihood in comparison with the TT likelihood. Consequently, the 95% confidence level (C.L.) upper bound on the conformal coupling parameter decreases from α < 0.1037 with the TT likelihood, to α < 0.0881 when using the TTEE likelihood.
Since the CMB anisotropies mainly probe the highredshift Universe, we further add some information about the low-redshift Universe from the background data sets BSHE and BSHR, which will also help to break the degeneracy between the parameters. From Table II Table II. on the current matter abundance fraction Ω m . From the second panel of Fig. 3 , it is evident that there is a partial inverse correlation between Ω m and α, thus a lower upper bound on α results into a slightly higher mean value of Ω m . This clearly follows from the transfer of energy between DM and DE which is governed by the conservation equations (5) and (6) . Moreover, the coupling parameter α is found to be marginally correlated with the Hubble constant, as depicted in the fourth panel of Fig. 3 . Indeed, higher upper bounds on α are inferred when using the H R 0 local value of the Hubble constant in comparison with the analyses making use of H E 0 . In fact, for the TT + BSHR and TTEE + BSHR combinations, we quote the peak locations in the one-dimensional posterior distributions of α, as depicted in Fig. 4 . The peak in the posterior distribution with TT + BSHR is found to be at α = 0.032032
−0.017833 , whereas with TTEE + BSHR the peak is at α = 0.032964
−0.014047 . Thus, a higher value of H 0 together with the CMB polarization likelihood enhance the preference of a non-zero α, although in the two mentioned cases the conformal coupling parameter is still found to be consistent with zero at ∼ 2σ. This complements the discussion of this model with an inverse powerlaw potential in Ref. [2] . Similar indications of a nonnull coupling, although with a different coupling function, have also been reported in Ref. [105] . Also, phantom dark energy was found to be preferred when relatively high external local values of H 0 are adopted [106, 107] . The TT/ TTEE + BSHE data set combinations do not give rise to a significant peak in the marginalized pos- Table III. terior distribution of α, although a tighter constraint on the conformal coupling parameter is obtained with the TTEE likelihood in comparison with the constraint from the TT likelihood combination.
The inferred upper bound constraints on the slope of the exponential scalar field potential λ, are significantly improved when we include the background data sets BSHE and BSHR along with the CMB likelihoods. This is mainly due to the fact that the derived constraints on Ω m are tighter with the background data sets, leading to a considerable improvement in the upper bounds of λ, which is correlated with Ω m . The background data sets lower the 95% C.L. upper bounds on λ, from λ < 1.5981 with TTEE, to λ < 0.9927 with TTEE + BSHE, and particularly to λ < 0.7957 with TTEE + BSHR, all consistent with Refs. [42, 43, 48] . We show the correlation between α and λ in the first panel of Fig. 3 . [23, 32, 108] as a result of an enhancement in the growth of perturbations. The correlation between the coupling parameter α and σ 8 is shown in the third panel of Fig.  3 . In order to probe the growth of perturbations, we now consider the cluster abundance data sets, as well as the CMB gravitational lensing likelihood. In Table III we further include the lensing, CA, and ACA data sets in our analyses, and we find that the conformal coupling parameter upper bounds are lowered in comparison with the inferred upper bounds from the data sets considered in Table II . The two-dimensional marginalized constraints on α with the parameters λ, Ω m , σ 8 , and H 0 are shown in Fig. 5 . From the marginalized posterior distributions of the conformal coupling parameter, shown in Fig. 6 , we find that the observed peaks in Fig. 4 are now insignificant when we include the cluster abundance and lensing data sets. In Fig. 6 , we also show the marginalized posterior distributions of α, inferred from the analyses which include the Full Cluster Abundance (FCA) data set consisting of the CA and ACA measurements altogether. As already mentioned in section III, the derived constraints on α from the FCA data set coincide with the obtained constraints from the CA data set, henceforth we do not report the parameter constraints from the MCMC analyses which make use of the FCA data set.
The tightest 95% C.L. upper bounds on α are derived from the CA data set combinations, since the measurements in this cluster abundance data set favour relatively low values of σ 8 . In fact, these CA measurements are in tension with the inferred concordance model σ 8 constraints [1, 10, 87] . In Fig. 7 , we show the two- TTEE+lensing+ACA+BSHE  TTEE+lensing+ACA+BSHR  TTEE+lensing+CA+BSHE  TTEE+lensing+CA+BSHR  TTEE+BSHE  TTEE+BSHR   TTEE+lensing+CA+BSHR  TTEE+lensing+CA+BSHE  TTEE+lensing+ACA+BSHR  TTEE+lensing+ACA+BSHE  TTEE+BSHR  TTEE+BSHE FIG. 7. Marginalized constraints on parameters of the conformal model using the data sets indicated in the figure.
The shaded band depicts the Planck TT + lensing constraint, whereas the region enclosed by the dashed (1σ) and dotted (2σ) lines shows the constraint from Planck lensing alone [68] .
dimensional marginalized constraints on σ 8 and Ω m from two data set combinations which do not include the cluster abundance and lensing data sets, together with the data set combinations which probe the growth of perturbations. For comparative purposes only, we also include the concordance model constraints inferred from the CMB lensing only likelihood (depicted by dashed and dotted lines), and from the CMB TT + lensing likelihoods (depicted by the shaded bands) [68] . From this figure, it is evident that the conformally coupled DE model gives rise to a larger σ 8 in comparison with the concordance model, although when including the ACA and lensing data sets, the inferred contours overlap the Planck TT + lensing shaded bands. On the other hand, the CA data set combination pushes the inferred Ω m -σ 8 contours downwards, deviating from the Planck TT + lensing constraint. From the TTEE + lensing + CA + BSHE data set combination we obtain a 95% C.L. upper bound of α < 0.0301, whereas the upper bound from the TTEE + lensing + CA + BSHR data set combination is of α < 0.0325. When we use the ACA data set instead of the CA measurements, we obtain a 95% C.L. upper bound of α < 0.0423 with TTEE + lensing + ACA+ BSHE data sets, and an upper bound of α < 0.0467 with TTEE + lensing + ACA + BSHR data sets. Moreover, when using the H Marginalized two-dimensional constraints on the redshift of reionization zreio and σ8, together with samples from the TT + BSHR data sets colour coded with the value of the conformal coupling parameter α. The gray band denotes the excluded region by observations of the spectra of high redshift quasars [109] .
between H 0 and σ 8 , thus explaining these shifts in the upper bounds of λ. This is clearly illustrated in Fig.  8 . Unfortunately, this relationship between H 0 and σ 8 would not be able to alleviate the tension between the low-redshift and high-redshift probes. Following the discussion on the optical depth of reionization parameter in section IV, in Fig. 9 we show the correlation between the redshift of reionization z reio , and σ 8 in the conformally coupled model. We should remark that this relationship between the mentioned parameters also follows in the other coupled DE models. Apart from the marginalized contours from distinct data set combinations, we also include a few samples from the TT + BSHR data set combination colour coded with the value of α. The marginalized contours of the TT + BSHR and the TTEE + lensing + ACA + BSHR data set combinations only overlap in a region of compatible σ 8 values with the ACA data set. Consequently, tighter constraints are placed on the z reio -σ 8 -α subspace, placing a lower upper bound on α. Moreover, there is a further reduction of the overlapping region between the marginalized contours of the TT + BSHR and the TTEE + lensing + CA + BSHR data set combinations, and the contour from the latter data set combination shifts downwards due to the incompatibility of the CA measurements with high σ 8 values. In Fig. 9 , we also show an excluded region of z reio inferred by observations of the Gunn-Peterson effect [110] in quasar spectra [109] . As clearly shown in this figure, our constraints are in agreement with the latter observations, although a preference towards lower σ 8 values could eventually shift the marginalized contours into the excluded region.
B. Disformal model constraints
In this section we present and discuss the MCMC inferred parameter constraints in the constant disformally coupled DE model with the coupling parameter D M , together with the exponential disformally coupled DE model with the coupling parameter β, as defined in Eq. (12) . We will start with the former case, in which we set Tables IV  and V we show the parameter constraints from several data set combinations.
Similar to the conformally coupled scenario discussed in section IV A, marginally tighter constraints on the varied cosmological parameters are obtained with the TTEE CMB likelihood in comparison with the TT likelihood, as clearly seen in Fig. 1 . In Table IV we present the parameter constraints inferred from the CMB likelihoods, together with the joint combination of the CMB likelihoods with the background data sets. Although the TTEE likelihood seems to improve the parameter constraints, it is still not able to put tight constraints on the scalar field's potential parameter λ, even when this is combined with the background data sets.
A striking difference between the derived cosmological parameter constraints in the conformally coupled DE model and the constant disformally coupled DE model, is the anomalous enhancement in the mean value of σ 8 in the latter coupled DE model. Other interacting DE models that are characterised with relatively high values of σ 8 were discussed in Refs. [105, 111] . Although we are considering the constant disformally coupled DE model, these features are also present in the exponential disformally coupled DE model discussed in the last part of this section. This increase in the mean value of σ 8 in the constant disformally coupled DE model is expected due to the energy transfer taking place between DM and DE, and particularly as a result of a coupling induced additional force acting between the DM particles [32, 33] . This fifth-force is also present in the conformally coupled Marginalized two-dimensional constraints on parameters of the constant disformal model using the data sets indicated in the figure. The shaded band depicts the Planck TT + lensing constraint, whereas the region enclosed by the dashed (1σ) and dotted (2σ) lines shows the constraint from Planck lensing alone [68] .
DE model, although the strength of this force is found to be the largest in coupled DE models which make use of the disformal coupling. Consequently, this leads to an enhancement in the growth of perturbations in comparison with the uncoupled quintessence and conformally coupled DE models. Moreover, when a disformal coupling between DE and DM is present, this induces intermediatescales time-dependent damped oscillations in the matter growth rate function [32] . In these analyses we are not able to probe these scale-dependent features in the matter growth rate function, although we believe that deriving constraints from the scale-dependence of the matter growth rate function in these coupled DE models would lead to an interesting study.
The considerably large range of allowed values of σ 8 by the CMB likelihoods and the background data sets is clearly illustrated in Fig. 10 . The influence of the local value of the Hubble constant is mainly attributed with the constraint on Ω m , due to the inverse correlation between Ω m and H 0 . Although the marginalized contours of the TTEE + BSHE and TTEE + BSHR data set combinations are still in agreement with the concordance model 1σ and 2σ approximate fit constraints, very weak constraints are inferred from these data set combinations considered in Table IV .
In order to shrink these contours, we further add the cluster abundance data sets along with the CMB lensing likelihood. The inferred parameter constraints are tabulated in Table V , in which we are now able to constrain the scalar field's exponent parameter λ, as clearly depicted in Fig. 11 . As expected, the measurements of the ACA and CA data sets do not allow for such large values of σ 8 , and consequently shrink the marginalized contours of Fig. 10 . Indeed, the marginalized contours of the additional CMB lensing and ACA data sets overlap the Planck TT + lensing constraint bands, similar to what happened in the conformally coupled model. Even in this model, the CA data set is still able to lower the mean value of σ 8 , in order to be compatible with the relatively low σ 8 measurements of this data set. Moreover, from the coloured samples of the λ-σ 8 -D M subspace of Fig. 11 , we observe that the inclusion of the cluster abundance data sets and the CMB lensing likelihood exclude the relatively high D M values which lie along the top section of the λ-σ 8 band inferred from the TT + BSHR data set combination. Consequently, an upper bound is placed on the disformal coupling parameter D M , instead of a lower bound as reported in Table IV . Tight 95% C.L. upper bounds are placed on the scalar field's potential exponent parameter of λ < 0.9830 (TTEE + lensing + CA + BSHE), λ < 0.7270 (TTEE + lensing + CA + BSHR), λ < 0.8953 (TTEE + lensing + ACA + BSHE), and of λ < 0.6412 (TTEE + lensing + ACA + BSHR). Despite of the improved constraints on the parameters, we only obtain 68% C.L. upper bounds on the constant disformal coupling parameter of D M < 0.2500 meV (TTEE + lensing + ACA + BSHE), and also of D M < 0.5730 meV −1 (TTEE + lensing + ACA + BSHR). In the upper left and lower left panels of Fig. 12 , we compare the two-dimensional marginalized constraints on the constant disformally coupled DE model parameters D M and λ. We complement these marginalized constraints by their respective λ-D M -σ 8 subspace, which we show on the right hand side of these panels. Undoubtedly, the allowed large values of D M and λ by the CMB likelihoods together with the background data sets, will be excluded by the cluster abundance data sets. This is evidently illustrated by the samples located in the vicinity of the top right corner of the panels in Fig. 12 depicting the λ-D M -σ 8 subspace. Thus, the cluster abundance data sets together with the CMB lensing likelihood are able to significantly shrink the allowed range of the parame- ters D M and λ. These improved constraints complement the analyses of Ref. [49] , in which only the background evolution was considered.
As we indicated in the beginning of this section, we will now consider an exponential disformally coupled model. In this case, we will still set the conformal coupling to unity, but without loss of generality we also fix the constant disformal coupling parameter to D M V 0 = 1. Thus, in this disformally coupled DE model we vary the disformal coupling parameter β in the MCMC analyses. Since the tightest constraints in the constant disformally coupled DE model were obtained when the cluster abun- dance data sets were considered in the data set combinations, we here only report and discuss the inferred parameter constraints with these data set combinations. These are tabulated in Table VI , and in Fig. 13 we illustrate the two-dimensional marginalized constraints of β and λ. In the left panel of this figure we use the H Table VI , we only obtain 68% C.L. upper bounds on β which are consistent with zero. Similar to the constant disformally coupled DE model analyses, we observe that in this exponential model, the CA data set combinations put tighter constraints on the model parameters in comparison with the ACA data set combinations, especially on the exponent of the scalar field potential λ. Thus, disformally coupled DE models will be further constrained by forthcoming surveys of the large scale structures in the Universe.
C. Mixed model constraints
In this section we discuss the derived parameter constraints in the mixed coupled DE model which simultaneously makes use of the conformal and disformal couplings. In this model we thus have an extra parameter in our MCMC analyses when compared with the number of parameters in the previous models. We will only consider a constant disformal coupling in this model, since from section IV B it was evident that the constant disformal model and the exponential disformal model behave in a very similar way. In Tables VII and VIII we present the parameter constraints from several data set combinations.
The CMB likelihoods together with the additional information from the background data sets were able to put 95% C.L. lower bounds on D M , although only 68% C.L. constraints were placed on the parameters λ and α. The relatively high value of the Hubble constant H R 0 slightly alters the constraints on the parameters λ and α, in comparison with the inferred constraints with H E 0 . Indeed, a significant peak in the marginalized posterior distribution of λ is derived only in the MCMC analyses with the CMB likelihood and background data set combinations which include H R 0 . Moreover, a lower bound on α is reported in Table VII with the TT + BSHR and TTEE + BSHR data set combinations, instead of an upper bound which is derived from the other data sets. Furthermore, the TT + BSHE and TTEE + BSHE data set combinations prefer higher values of D M when compared with the inferred lower bounds from the TT + BSHR and TTEE + BSHR data set combinations. As clearly illustrated in Fig. 1 , marginally tighter constraints on the cosmological parameters are obtained with the TTEE CMB likelihood in comparison with the TT likelihood, henceforth we will only consider the TTEE CMB likelihood in the data set combinations that include the cluster abundance data sets. . The first data set combination was not able to constrain the parameter DM . In the last column, we consider the mixed coupled DE model subject to DM V0 = 1, thus DM is fixed in this case. When necessary, we also write in brackets the 2σ upper limits of the model parameters λ and α. In this mixed coupled DE model, relatively high values of σ 8 are allowed by the CMB likelihoods along with the background data sets. This is expected since in this model the disformal coupling enhances the gravitational attraction between the DM particles leading to an enhancement in the growth of perturbations, in similarity with the pure disformal coupling cases discussed in section IV B. Therefore, in Table VIII we consider the data set combinations which are able to probe the growth of perturbations better than the CMB temperature and polarization likelihoods along with the background data sets. Indeed, significantly tighter constraints are placed on σ 8 with the additional cluster abundance data set combinations together with the CMB lensing likelihood.
Consequently, marginally tighter constraints are derived for the mixed model parameters α and λ. Remarkably, the data set combinations with the BSHR background data set considered in Table VIII , were able to place upper bounds instead of lower bounds on the conformal coupling parameter α, as reported in Table VII . This is expected due to the correlation between σ 8 and α. The CA data set combinations, which prefer low values of σ 8 , tightly constrained the conformal coupling parameter to α < 0.3323 (TTEE + lensing + CA + BSHE) and α < 0.3541 (TTEE + lensing + CA + BSHR) at the 95% confidence level. This is a significant improvement on the inferred constraints of Ref. [49] , in which only the background evolution was considered. As expected, the ACA data set combinations allow for slightly larger values of α, since the measurements in this data set allow for marginally larger values of σ 8 which are consistent with the concordance model. The local value of the Hubble constant has a minor influence on the 95% C.L. upper bounds of α, although the BSHR data set combinations put tighter constraints on λ in comparison with the inferred upper bounds from the BSHE data set combinations. We show the marginalized two-dimensional constraints on α and λ from the first four data set combinations of Table VIII in the panels of Fig. 14 .
Finally, we consider a mixed model having the same number of parameters as the conformal and disformal models considered in section IV A and section IV B, respectively. We report the MCMC analysis parameter constraints in the last column of Table VIII, in which we fix the constant disformal coupling parameter according to D M V 0 = 1. As expected, we obtain tighter 95% C.L. upper bounds on the conformal coupling parameter α < 0.1160, as well as on the scalar field's exponent parameter λ < 0.5360. We collect our marginalized constraints on α and λ in Fig. 15 , in which we compare the two-dimensional marginalized constraints inferred from the conformal model of section IV A, the mixed model with variable D M discussed in the first part of this section, along with the last mixed model which satisfies the relationship D M V 0 = 1. From this figure, one can clearly observe that these models are all consistent with a null coupling between DM and DE, although the coupled DE models with a disformal coupling within the dark sector of the Universe still require further cosmological probes in order to properly determine the future prospects of these models.
V. CONCLUSIONS
The desire to better understand the puzzling dark sector of the Universe is one of the major driving forces that advances the field of precision cosmology even further. In this paper, we have considered a generic interacting DE model in which DE and DM were allowed to interact directly with each other. We showed that the cosmological imprints of this direct interaction between the dark sector constituents can be probed by current cosmological experiments. For the interaction between DM and DE, we considered the conformal and disformal couplings which are characterised by different cosmological signatures. We thus considered the conformal, disformal, and mixed models as separate cases of the generic coupled DE model.
We confronted these coupled DE models with several combinations of data sets which are able to probe the early-time as well as the late-time cosmic history of the Universe. Specifically, we considered the Planck 2015 temperature, polarization, and lensing likelihoods; BAO measurements, a SNIa sample, Hubble parameter mea-surements, local values of the Hubble constant, and cluster abundance measurements. The parameter posterior distributions together with their confidence limits were inferred via MCMC analyses.
In all coupled DE models, we found that the additional information from the cluster abundance data set and the CMB gravitational lensing likelihood improves the marginalized constraints on the coupling parameters. In general, we also noticed that the Planck 2015 TTEE likelihood provides better marginalized constraints on the cosmological parameters, when compared with the inferred constraints from the CMB temperature likelihood. Also, the CA data set measurements which prefer relatively low values of σ 8 , predominantly shift the marginalized constraints on τ reio and A s to lower values, with a proportionately smaller shift of n s to larger values. Moreover, we constrained the dimensionless age of the Universe in our coupled DE models, which we found to be close to unity without any significant changes from one model to another.
In the conformal model, the CMB likelihoods are able to constrain the model parameters quite well, since large values of the conformal coupling parameter have a significant impact on the CMB temperature power spectrum. With the additional information from the background data sets, we improved the constraints on λ, and marginally tighter constraints were placed on α. Furthermore, the relatively high value of the local Hubble constant H R 0 , gives rise to a significant peak in the marginalized posterior distribution of α, although this is still found to be consistent with zero at ∼ 2σ. This complements Ref. [2] , in which a conformally coupled model with an inverse power-law potential was considered. However, with the additional cluster abundance measurements, the 95% confidence level upper bounds on the coupling parameter are significantly lowered to α 0.03. In our opinion, these tight limits on the conformal coupling between DM and DE diminishes the attractiveness of this model. For the disformal model, we first considered a constant disformal coupling and then an exponential disformal coupling. Since a disformal coupling between DM and DE does not modify considerably the CMB temperature power spectrum, it was expected that the CMB likelihoods would not be able to constrain the model very well. Indeed, both the constant and exponential disformal coupling models were better constrained with the additional cluster abundance measurements which directly probe the characterised anomalous growth of perturbations. By being able to derive tight constraints on σ 8 from the information provided by the cluster abundance measurements, we were then able to place, for the first time, upper bounds on the disformal coupling parameters D M 0.3 meV −1 and β 1.6. Although the inferred constraints on the disformal model parameters are not as tight as those in the conformally coupled DE model, the disformal coupling is also consistent with a null coupling between the dark sector constituents.
Finally, we considered the mixed conformally disformally coupled DE model. Similar to the previous models, the tightest constraints were obtained from the MCMC analyses which included the cluster abundance measurements. In this mixed model, significantly larger values of the conformal coupling parameter are allowed (α 0.33), in comparison with the derived upper bounds in the conformally coupled DE model. Since the disformal coupling parameter is not well constrained in the mixed model, we considered a mixed model which satisfies the relationship D M V 0 = 1. In this case, we obtained the tightest marginalized constraint on the conformal coupling parameter of α 0.12, which is still considerably larger than the 95% confidence level upper bounds derived in the conformally coupled model.
After confronting these coupled DE models with various cosmological probes, it would now be interesting to further constrain the DE couplings, particularly the disformal coupling, with 21-cm cosmology [112] [113] [114] and gravitational waves [115] [116] [117] , for instance. A better understanding of the non-linear evolution of perturbations in these models is also an important step in this direction.
